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Introduction
I have completed some additional verification of the single-node calculations, and other
results given in the previous notes here:

http://models-methods-software.com/2011/01/19/implicit-function-theory-applications-
part-1-method-of-exact-solutions/

A short introduction to implicit function theory was given in the notes here:

http://models-methods-software.com/2011/01/14/implicit-function-theory-applications-
part-0/

In the present notes I’ve tuned up the original calculations and cleared out a few bugs as
follows.

(1)  I found some bugs in the summary tables of the EOS derivatives and give new Tables
below in these notes. I have also posted the corrected Tables with the notes introducing
implicit function theory.

(2)  I have made the fluid thermodynamic state and thermophysical properties more
consistent by using a single source for these numbers. The source is an old National
Research Council ( Canada )/ National Bureau of Standards ( USA ) water property
program. For the original calculations I had used whatever convenient values could find
and these did not always correspond to the exact same fluid state. The program is based
on the equations in this document: http://www.nist.gov/data/PDFfiles/jpcrd242.pdf

(3)  I coded the fluid properties and the primitive elements of the derivatives along with a
routine to numerically evaluate the various determinants in order to compare these with
my analytically derived derivatives. This process led to discovery of several coding errors
that, when cleared, led to agreement with my analytical derivatives. And, yes, coding of
the analytical derivatives was also verified by various means. I have abandoned the
original spread sheet approach and now rely on the new coded routines.

(4)  I have tuned up the wall-material properties and at the same time expanded the
discussion of the interaction of the fluid and wall material relative to the base pressure-
wave speed.

(5)  I dug into the fluid-structure literature a little bit to see if my derivation of the
effective sound speed was correct. I discovered that the formulation obtained by use of
implicit function theory and the equation of state gives exactly the classical value. That
equation was first obtained, as reported by Tijsseling ( 1996 ), by Korteweg  in 1878. The



center of the hydraulic-transient / fluid-structure-interaction universe seems to have
moved from the University of Michigan and Wiggert, Wylie, and Streeter, to Tijsseling
and Eindhoven University of Technology.

(6) I have investigated the numerical solution method in some more detail. The second-
order explicit Euler method shows growth of the difference between the analytical and
numerical solutions. The fourth-order explicit Runga-Kutta method shows much
improved performance.

All these changes have been implemented and additional calculations carried out for the
single-node case. The better focus on the calculations in contrast to the theory has also
led to corrections in the consistency of the reported values for the calculations. The
length of the node was incorrectly reported in parts of the previous notes.

The mathematical model seems to be a very good candidate for production of Method of
Exact Solutions ( MES ) and Numerical Benchmark results for Verification of numerical
solution methods for transient, compressible hydraulic-transient codes.

The Physical System
As in the original calculations, the node is taken to be a constant-area round pipe 10.0
meters long with a flow area of 1.0 square meter. The dimensions and other properties of
the pipe are summarized in nearby Table 1. I don’t have any idea that the values for the
diameter and thickness when considering the fluid pressure and temperature used in the
calculations make any sense for a real physical pipe.

Dimension Value

Length (m) 10.00

Flow Area m2( ) 1.00

Diameter (m) 1.1284

Wall Thickness (m) 0.00635

Table 1. Dimensions of the pipe and pipe wall.

Pure radial deformation of the wall is assumed, which corresponds to rigid lateral
constraints. Models and equations for various other lateral constraints can be found in the
literature. For the pure radial deformation case, the wall function

V =V0 + Kw P(t)− P(0)( ) (1.1)

has
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where µ  is Poisson’s ratio, E is Young’s modulus, and t  is the pipe-wall thickness.

The properties of the wall material are summarized in the nearby Table 2. The numerical
values given in Table 2 below correspond to stainless steel, roughly.

Fluid-Structure Interaction Literature
For the present calculations the pressure-wave properties for the solid material have been
tuned up a bit. I dug into the hydraulic-transient literature in order to compare my results
with some in the literature. The sound speed for the wall material is based on the
isentropic compressibility
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where the subscript ‘M’ refers to the pipe-wall metal. In terms of the thermo-physical
properties the isentropic compressibility is

σ sM = CvM

CpM
κM (1.4)

The sound speed in the metal is then given by

C2
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CpM

CvM

1
ρMκM

= σ sM
ρM

(1.5)

where the ratio of specific heats for the almost incompressible solid material can be taken
to be unity.

Property Value

Density 7600.0 to 8200.0

Thermal Expansion Coefficient (m/m K) 1.7 x10−5

Bulk Modulus N/m2( ) 1.66 x1011

Shear Modulus N/m2( ) 7.7 x1010

Tensile Modulus N/m2( ) 1.16 x1011



Property Value

Young’s Modulus N/m2( ) 2.07 x1011

Poisson’s Ratio 0.30

Kwall  ( m
5 /N ) 7.8118 x10−9

Table 2. Material properties for stainless steel.

With the bulk modulus value in the Table and taking the density to be 7900.0 kg/m3

gives the sound speed to be about 4583.96 m/s. This value seems to be kind of low
relative to values I see in various sources ( up to about 6000.0 m/s ). I have not yet
reconciled the differences.

Note that Eq. (1.5) applies also to the fluid in the pipe. Denoting this speed as

Csf
2 =

σ f

ρ f
(1.6)

where the nomenclature means the sound speed for the fluid in the absence of accounting
for the presence and effects of the solid wall. If the wall is considered to be strictly rigid
with no deformation, the fluid is in effect unconfined, Eq. (1.6) is the speed of
propagation of pressure waves.

If the fluid is incompressible, and the solid material is elastic such as rubber, the sound
speed is found to be lower than the fluid sound speed. The standard formula is

CsM
2 = EMρ f

t
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not the sound speed corresponding to the isentropic expansion value, but much smaller.

The effective sound speed is
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where the factor ψ  accounts for the arrangement of the radial and lateral constraints for
the pipe. Note that, as mentioned in the previous notes, the wall function must also
account for the exact arrangement of the radial and lateral constraints. The case of pure
radial expansion is assumed for Eq. (1.2) above. For this case, The factor !  is reported
to be

ψ =1− µ2 (1.10)

Equation (1.8) has the following limiting characteristics. If the wall material is strictly
incompressible, E >>σ f , the effective sound speed is the fluid value, Ceff = Csf , and if
the fluid is strictly incompressible and the pipe material deformable, ! f >> E , the
effective speed is the wall material speed, Ceff = CsM .

In the previous notes, when I indicated that the pipe was rigid and accounted for only the
sound speed for the fluid, Eq. (1.6) gave the sound speed; the fluid was effectively
unconfined. Also in those notes the effective sound speed was taken to be given by the
results of using implicit function theory as summarized in the Tables of derivatives given
therein. For the one-node, isolated fluid system case, see Table 3 in those notes, the
determinant of the Jacobian of the constraint functions is
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Equation (1.11) gives the effective sound speed to be
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where I have added the subscript ‘f’ to indicate that it is the fluid density and volume that
are of interest. With Kwall  given by Eq. (1.2). Eq. (1.12) gives
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which gives the sound speed for the pipe-wall material to be
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which is the same as Eq. (1.7), including the ψ  factor of Eq. (1.10) for pure radial
deformation. The derivation by means of implicit function theory and the equation of
state gives the additional thermodynamic term in parenthesis. This factor is generally
very near unity for subcooled liquid water.

In summary, the development in these notes by way of the equation of state and implicit
function theory arrives at the same results as given in the hydraulic-transients literature.
Additionally, as the methodology developed in these notes will be expanded to cover the
case of coupled fluid systems, the effective pressure-wave speed for these systems will be
obtained.

The Fluid Properties
The original calculations were done with the initial pressure and temperature being 0.20
MPa and 350.0 K, respectively and rough values for the thermo-physical properties. The
fluid properties from the NRC/NBS water-property code are summarized in the nearby
Table 3.

Property Value

P ( MPa) 0.20

T ( K ) 350.0

ρ ( kg/ m3) 973.797

Cp  ( J/kg K ) 4191.25

Cv  ( J/kg K ) 3887.84

β   ( 1/K ) 6.2226 x10-4

κ   ( m2 /N ) 4.5869 x 10−10

u ( J/kg ) 3.2163 x 105

h ( J/kg ) 3.21841 x 105

∂P
∂ρ

⎛
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T

 ( J/kg ) 2.23878 x 106

∂P
∂T
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⎞
⎠⎟ ρ

 ( N/m2K ) 1.3566 x 106

Csf ( m/s ) 1553.54

Table 3. Water properties.



The values for β  and κ  are not given by the routines. The values in the Table 3 are
calculated by use of the reported values for the derivatives listed in the Table 3 as follows
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These combined with other reported values give the pressure-wave speed for the fluid

Csf
2 =

Cp

Cvκρ
(1.17)

to be 1553.54 m/s, the same value reported by the fluid-properties code and listed in the
bottom row of the Table.

Calculated Results
The results of the calculations presented in the previous notes are repeated here using the
fluid properties and wall-material properties summarized above. Although the properties
used in the original calculations were kind of rough, the changes from those do not
significantly affect the results.

Inlet Fluid Flow Rate Specified
The solutions for the case that the fluid flow rate at the inlet is specified are
Straightforward analytical integrations of the equations. If the fluid flow rate at the pipe
inlet is specified as a function of time, the pressure response is obtained by directly
integrating the corresponding equation for the pressure.

The original calculations used the inlet mass flow rate specification

Wi  (t ) = Aw − Bw(t) (1.18)

with

Aw = 2.0
and
Bw = 2.0

(1.19)



With this specification, the mass conservation model equation is

d
dt M =Aw ! Bw(t) (1.20)

energy conservation model

d
dt E = hin Aw −Bw(t)( ) − P dVdt (1.21)

the equation for the pressure response is

d
dt P = ∂P

∂M
⎛

⎝⎜
⎞

⎠⎟ E
+ hin

∂P
∂E

⎛

⎝⎜
⎞

⎠⎟M

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
Aw −Bw(t)( ) (1.22)

where the terms in the square brackets is

Csnd
2

V = ∂P
∂M

⎛

⎝⎜
⎞

⎠⎟ E
+ hin

∂P
∂E

⎛

⎝⎜
⎞

⎠⎟M

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

(1.23)

where Csnd
2  is the fluid sound speed for the rigid-wall case and the effective speed for the

flexible / deformable- wall case. The volume response is obtained from
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The temperature response is obtained from
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the enthalpy from
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The enthalpy is also given by the solutions for E. M. P, and V



h = E
M + PVM (1.27)

The specific internal energy can be obtained by an equation analogous to Eq. (1.26) or
directly by

u = E
M (1.28)

and the same holds for the fluid density

ρ f =
M
V (1.29)

Finally, the entropy also can be obtained from an equation analogous to Eq. (1.26).

These equations and an explicit Euler numerical solution method have been coded along
with the results of analytical integration of the equations. This is a trivial comparison
between the analytical solutions and a numerical solution method. However there is one
difference between the approach to the solutions as follows. For the analytical solutions
all of the properties for the pipe, the wall, and the fluid are assumed to be constant at the
initial values. In contrast, for the numerical integrations all the properties that can change
are allowed to change. The properties that do not change are Cp , Cv ,  and β  and ! .
The calculated results show that allowing for variations in the solution variables does not
significantly change the solutions.

The fluid conditions for the calculations are summarized in Table 1 above and the wall in
Table 2. The fluid enthalpy carried into the node is set to be constant at the initial value in
the node.

The comparison between the analytical and numerical results is made by using the
Eulerian distance

dE = Xa − Xn( )∑ 2
(1.30)

where Xa  and Xn  are the analytical and numerical solutions, respectively. The
summation is over all the dependent variables included in the calculations; mass, energy
content, pressure, volume, temperature, enthalpy, specific internal energy, and density.
This approach saves on the number of Figures that need to be included. Direct
comparisons for the pressure and node volume are presented.

For the fluid conditions used, the fluid sound speed is about 1553.5 m/s and for the wall
plus fluid the effective sound speed is about 922.52 m/s. Results using a step size of



1.0x10−6  sec are presented here. Figure 1 shows the comparison of the pressure for the
rigid-wall case
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Figure 1. Pressure response for rigid node with inlet flow specified.

And Figure 2 shows the results for the flexible-node case



Flow Specified Flexible Node
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Figure 2. Pressure response for flexible node with inlet flow specified.

Note the different levels of the pressure between the rigid and flexible node cases. The
numerical and analytical solutions basically overlap.

The increase in the volume of the node for the flexible case is given in Figure 3.
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Figure 3. Volume change for flexible node.

The Euler distance of Eq. (1.30) is shown in Figure 4.
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Figure 4. Euler distance for the rigid node case.



All of the variables have the shape shown for the rigid-node case. The pressure
calculation has the largest differences between the analytical and numerical solution. The
Euler distance for the pressure for the rigid-wall case is shown in Figure 5.

Euler Distance for the Pressure
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Figure 5. Euler distance for the pressure for the rigid node case.

In the case of the rigid wall, the physical situation is very stiff and the numerical solution
method used is not the best. The improvement in the numerical solution obtained with an
explicit four-order Runga-Kutta method in a later section below.

Initial Pressure Gradient Specified
In the previous notes the continuous analogue for the discrete approximations based on
the standard staggered grid were obtained and the solutions outlined. The continuous
equation for the pressure in the node ( Eq. (1.28) in the previous notes ) is

d2P
dt 2

=
Csf
2

V
Af

(L / 2)
Pup − P( ) (1.31)

The equation needs two initial conditions



P(0) = P0

and

dP
dt t=0
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The solution that satisfies the boundary conditions if the flow-channel geometry is such
that V = Af L , as it usually is,
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where it has again been assumed that everything is constant, even the volume of the
container. Note that wall friction has not been included, and gravity hasn’t been either.
Gravity is easily included, but wall friction is not. For verification purposes, the wall
friction can be minimized by use of a few different techniques; setting the pipe diameter
to be a really big number, for example. An approximate solution for this case is then

P(t) = P0 +CsfW0
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This condition can also be obtained by setting the upstream and initial node pressure to
be equal even with flow in the channel. Note, again, however, the analytical solution does
not include wall friction.

With the pressure solution of Eq. (1.33) the momentum equation model for the flow
response at the inlet to the channel ( Eq. (1.8) in the previous notes )

 dWi

dt
=

Af

L / 2( ) Pup − P( ) (1.35)

where Pup is the constant upstream pressure and L/2  is a representative distance for the
pressure gradient; one-half the pipe length. The initial condition is

Wi (0) =W0 (1.36)

And integration using the pressure of Eq. (1.33) gives
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The mass flow rate of Eq. (1.37) is used to solve the mass and energy model equations as
follows. The mass conservation model ( Eq. (1.1) in the previous notes )

dM
dt

=Wi t( ) (1.38)

where M is the mass of fluid in the pipe,

M = ρV (1.39)

and Wi t( )  is the mass flow rate of fluid into the pipe at the upstream boundary

Wi t( ) = ρUAf (1.40)

where ρ is the fluid density, U is the fluid speed at the entrance of the pipe, and Af  is the
flow area for the pipe, and the initial condition is

M (0) = M0 (1.41)

Integration of Eq. (1.38) gives
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The energy conservation model ( Eq. (1.5) in the previous notes ) is

dE
dt

= hiWi t( )− P dVdt (1.43)

where hi is the enthalpy of the fluid entering the pipe at the upstream boundary, the
energy content for the fluid is

E = Mu = ρVu (1.44)

where u is the specific internal energy for the fluid, and the initial condition is

E(0) = E0 (1.45)

For all calculations, the enthalpy at the inlet is taken to be the initial enthalpy. Note that
this is not correct after the fluid speed reverses at the inlet.

The derivative of the fluid volume is given by the wall function of Eq. (1.1)
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or, using Eqs. (1.38) and (1.43)
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I have not integrated analytically these equations for the energy including the pressure-
volume work term. The term is easily incorporated into the analytical solution but it is
generally very small and neglecting it is justified.

The volume response is given by the wall function and the pressure solution of Eq. (1.33)

V = V0 + Kw P(t) ! P(0)( ) (1.49)

With the pressure, energy content, volume, and mass determined, other thermodynamic
state properties are

u =
E
M

h =
E
M

+
P
M
V

and

! =
M
V

(1.50)

note that he enthalpy can be obtained also by

h = u + P / ρ (1.51)

All the above hold for both the rigid and flexible / deformable wall cases. The effective
sound speed replaces the fluid value in the case of a flexible pipe wall as shown in the
original notes.



Calculated Results
In the previous notes the application calculations were done for the case of the pressure in
the inlet reservoir and the initial pressure in the node about equal. In these notes an
additional case of a significant initial pressure differential is considered.

As in the case of the inlet flow rate specified, the fluid is taken to be subcooled liquid
water at 0.200 MPa and 350.0 K. The thermo-physical properties are taken to be constant
as summarized in the Table 3 above.

A second-order explicit Euler method is used to numerically integrate the differential
equations. The momentum balance model of Eq. (1.35) is handled by use of an implicit
method as follows. A straightforward discrete approximation for that equation is

ΔW( )i
n+1 = Δt( ) Af

L / 2( ) Pup − P
n+1( ) (1.52)

For the calculations here, the upstream pressure at the pipe inlet is taken to be constant.
Note that if that pressure is a specified function of time, that value, too, can be evaluated
at the new-time level.

The pressure for the node at the new-time level is approximated by use of the equation of
state as summarized in the original notes
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where the mass and energy content equations, Eqs. (1.38) and (1.43), are approximated
by

ΔM( )n+1 = Δt( )Wi
n + Δt( ) ΔW( )i

n+1 (1.54)

and

! E( )n+1 = ! t( )hiWi
n + ! t( )hi ! W( )i

n+1 (1.55)

where the pressure-volume work term has been dropped from the latter equation.

Putting these pieces together gives the discrete approximation for the momentum-balance
model equation
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(1.56)

Note that the second factor in the denominator is a dimensionless representation of the
travel time for a pressure wave.

The initial calculations using the solution method outlined above proved to be
unsatisfactory. The discrete step size for all the results presented below was 1.0x10−6 .
Figure 6 shows the Euler distance for the pressure for a calculation with a rigid pipe wall.
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Figure 6. Euler distance for the pressure using the second-order Euler solution method.

All the dependent variables show the same behavior. And longer run times indicated
continual increase in the difference between the analytical and numerical solutions.

The numerical solution method was changed to an explicit fourth-order Runga-Kutta
method to check that this behavior might be eliminated. A representative result for the
Euler distance is shown in Figure 7.
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Figure 7. Euler distance for all variables using a Runga-Kutta solution method.

Note that for Figure 7 all the dependent variables are included, that the time span is a
factor of 10 longer than for Figure 6, and that the magnitude of the Euler distance is
several orders smaller and does not increase with time. I’m not sure of the source of that
kink at the minimum.

A calculation using the RK4 method and with the upstream pressure constant at
2.8x105 Pa and with a flexible wall gives the following results. The pressure response for
the calculation is shown in Figure 8 as a comparison with a rigid-wall calculation having
the same initial and boundary condition.
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Figure 8. Pressure response for rigid and flexible wall.

The change in the volume is shown in Figure 9.
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Figure 9.  Volume response for the flexible wall case.

Conclusions
This model seems like a good candidate for a verification problem in transient hydraulics
as both an exact analytical solution and a numerical benchmark.

Always check your numerical solution methods for accuracy.

Derivation of the theoretical model through the use of implicit function theory and the
equation of state gives the same results that have been previously obtained by other
means.
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Appendix
The corrected Table 3 for the single isolated node case is below.


