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The subject means  ill-posed Initial Value Problems (IVPs) and the Method of
Manufactured Solutions (MMS).

The Method of Manufactured Solutions is the standard method for proving that
numerical solution methods have been coded correctly into the software and are
performing as expected based on theoretical analysis of the method.

An excellent starting point for information and details about the MMS is this book by
Pat Roache:

"Fundamentals of Verification and Validation" by Patrick J. Roache.
 
Copyright 2009, ISBN 978-0-93478-12-7. 476 pages, subject index.

Available from the publisher

http://www.hermosa-pub.com/hermosa/html/books.html.

and Amazon. Chapter 3 and Appendix C are about MMS. Also, a Google search will
turn up many, many hits.

The method works as follows. Given a system of Ordinary Differential Equations
(ODEs) or Partial Differential Equations (PDEs), or a combination of these, expressions
that are solutions to the equations are obtained from the equations themselves.

For an example, consider the transport of a scalar quantity by a constant-speed flow
field
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Writing this equation in operator form

L(φ) = ∂φ
∂t
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= 0 (1.2)

A solution that satisfies the equation is obtained by selecting a solution function of the
independent variables t and z, a function Q t, z( ) , that produces the solution Φ t, z( )  by
operating on Φ t, z( )  with L



Q t, z( ) = L Φ t, z( )( )
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(1.3)

Let’s take

Φ = sinh(t)cosh(z) (1.4)

The derivatives of Eq. (1.4) are evaluated and substituted into the Eq. (1.3) to get

Q(t, z) = cosh(t)cosh(z) −U0 sinh(t)sinh(z) (1.5)

Putting this result into the right-hand side of Eq. (1.1) gives

∂φ
∂t
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= cosh(t)cosh(z) −U0 sinh(t)sinh(z) (1.6)

It is easily checked that the function of Eq. (1.4) satisfies Eq. (1.6). For this simple
introductory case, we’ll skip issues of the initial conditions and boundary conditions.
Suffice it to say that the chosen function must satisfy the ICs and BCs. We’ll also skip
discussion of the many useful applications of the method and instead get right to the
objective of these notes.

Let’s now do a simple application to a single ODE

dy
dt

= −y2 + 2y (1.7)

which very likely has an analytical solution that could be used to verify numerical
solutions,  but we aren’t interested in that. The beauty of the MMS is that the method
applies to equations and systems that do not have analytical solutions.

Take the solution function to be

ye = aye + t
2 (1.8)

which gives the term to be added to the right-hand side of Eq. (1.7) to be

Q t( ) = 2t + aye + t
2( )2 − 2 aye + t

2( ) (1.9)

And the equation to be coded and solved is

dy
dt

= −y2 + 2y + 2t + aye + t
2( )2 − 2 aye + t

2( ) (1.10)



Immediately we see a disadvantage on the MMS; the coding of the additional source
term must also be verified to be correct. There are several procedures that can be used
to ensure that the MMS functions are correctly added to the original solution method.
The MMS can in fact be used to check that the MMS modification are correctly coded
into the numerical solution methods.

Let’s next take a look at using the Method of Manufactured Solutions to an ill-posed
Initial Value Problem. The original Lorenz system from 1963 is a handy system for this
purpose, and there are several posts here for which the system is the subject.

The equations are

dX
dt

= −Pr X + PrY

dY
dt

= −Y + RaX −XZ

dZ
dt

= −bZ + XY

  (1.11)

and we’ll use the ICs X(0) = 1.0, Y(0) = -1.0, and Z(0) = 10.0.

For the parameters, the first calculations will be done in the region that is known to
yield chaotic response; Pr = 10.0, Ra = 28.0, and b =8/3.

The results of these calculations are shown in Figures 1 and 2. These results have the
appearance of all the calculations done with the system using the parameter values
listed above.

I’ve chosen very simply functions for the MMS application as follows;

ΦX = aX cos t
ΦY = aY + sin t
ΦZ = aZ cos t

  (1.12)

These  lead to simple forms for QX , QY , and QZ so that the coding is

straightforward. And, the ICs can be satisfied by these forms.

Using the same ICs and parameter values and explicit Euler method as for the un-
modified system, the results shown in Figures 3, 4, and 5 are obtained. Already in
Figure 3, we see that the solution has changed from Figure 1, as it should. The same
obtains for Figure 4 compared with Figure 2. The classic Butterfly Wings look has
disappeared. The question is, however, have we Verified the coding of the equations?



The question is answered by the results shown in Figure 5, and the answer is, No. The
differences between the calculated solution numbers and the solution expected from the
MMS functions is enormous; far larger than the numerical values for the dependent
variables from the original system. Figure 6 shows the early-time response. The
calculated solution departs significantly from the expected response prior to about 1.5
Lorenz Time Units ( LTUs).

So, what has gone astray here? Well, nothing has gone astray. The results are consistent
with the response of chaotic systems. However, it is important to note that because
functions of time have been added to the original system, the chaotic-theory aspects of
that system have very likely been destroyed. We can see that it has certainly been
changed.

Let’s change the parameter values to some that correspond to the convergence regions
of the original Lorenz system, and set Pr = 1.0, Ra = 1.0, and b = 4.0 and use the same
ICs as before, and the same explicit Euler method.

The solutions of the un-modified Lorenz system for these conditions are given in Figure
7. The solution moves from the IC to a new equilibrium point at Z(t) = 0.0, and X(t) =
Y(t).

Figure 8 shows the solutions when the original system is modified by the MMS
functions. These are the expected solutions; SINs and COSs. At least out to about 25.0 to
30.0 LTUs. After that, things start to fall apart.

The differences between the expected MMS solutions and the calculated solutions of the
MMS system are shown in Figure 9. This figure again shows that the solution of the
MMS-modified system seems to depart from the expected results.

I have not yet started trying to track down the problems.


