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Abstract 
The total energy equation is applied to Earth's entire atmosphere and 
sub-systems to investigate requirements that the energy content of 
Earth's climate system remains constant. The results are somewhat 
more complex than usually appears in the literature. The analysis 
method clearly illustrates the potential for physical phenomena and 
processes both within and between sub-systems to affect Earth's 
energy balance. 
 
Justification for the validity of very long-range climate change 
modeling and calculations is based solely on the notion that the 
problem is a Boundary Value Problem (BVP); and that solely 
radiative energy transport and trace gases in the atmosphere 
critically dominate and set the BVP. The results of this analysis show 
that modelling and calculation of Earth's energy budget is not a 
Boundary Value Problem. 
 
Due to coupling between sub-systems, the wide ranges of time scales 
involved, and the presence of non-linear physical phenomena and 
processes, the notion that Earth's climate system represents a spatial-
temporal chaotic system can be heuristically argued. This matter, 
however, is not directly addressed in these notes. 
Introduction. 
 
The objectives of these notes include a look into how natural internal 
variations within Earth's climate system affect the radiative energy 
budget at the Top of the Atmosphere (ToA). The initial focus is on 
energy exchanges between sub-systems that make up Earth's climate 
system. To this end, the local-instantaneous energy conservations 
equations, and averages of these, are examined in a little detail. 
 



Unfortunately, no quantitative results are obtained or presented. The 
analysis is basically a general over-view, at a somewhat high level of 
generalization, of the energy-budget of the climate system with a 
focus on the significant potential for variations on a wide range of 
time and spatial scales.  

Background 
Earth's climate system is made up of several sub-systems, including: 
 
(1) humans 
(2) other inhabitants 
(3) atmosphere, with condensing and non-condensing gases, liquid 

and solid particles, 
(4) water vapor in the atmosphere 
(5) non-condensing gases in the atmosphere 
(6) solid particulate aerosols in the atmosphere 
(7) oceans and other large bodies of liquid water, 
(8) land, 
(9) trees, plants, and other flora, on land and in water bodies, 
(10) snow and ice solid phases of water, on both land and liquid 
water, 
(11) organic materials that experience chemical interactions with 

adjacent     materials, 
(12) inorganic materials that experience chemical interactions with 

adjacent materials, and 
(13) maybe a couple of others. 
 
The solid, liquid, and vapor phases of water are present in the 
atmosphere, and are critically important relative to the radiative 
energy budget of Earth's climate system. In this regard, clouds maybe 
should be a separate sub-system. Other, generally solid materials 
labeled aerosols, are also present in the atmosphere and also are 
critically important to the radiative energy budget. Non-condensing 
gases that interact with radiative energy transport, such as methane, 
are also relatively important. These are included as separate sub-
systems in the above list. 
 
The physical phenomena and processes occurring within the sub-
systems can be significantly influenced by the activities of humans 
through the effects of these activities within and at the boundaries of 



the sub-systems. Darkening of the surface of snow and ice fields, for 
example, by solid aerosols produced by human activities and then 
precipitated out of the atmosphere. 
 
We are interested in the biological, chemical, mass, momentum, and 
energy states of the entire climate system, the physical phenomena 
and processes occurring within each sub-system and at the interfaces 
between sub-systems. Many aspects of the phenomena and processes 
of an individual sub-system will be coupled to other sub-systems. 
The physical couplings involve a multitude of the biological, 
chemical, mass, momentum, and energy aspects that are of interest. 
Some of the phenomena and processes of interest will be affected by 
the interactions of humans with the systems. 
 
In these initial notes we are primarily interested in the energy aspects 
of the physical phenomena and processes that occur both within the 
sub-systems and at the boundaries between sub-systems. Mass and 
energy aspects are coupled in the sense that mass exchanges 
occurring between sub-systems represent also exchanges of energy. 
 
The atmosphere sub-system, for example, interfaces with just about 
all the other domains listed above. And the other sub-systems 
likewise interface with the atmosphere. The flora sub-system, for 
example, has interfaces with both the atmosphere and land; the 
canopy of forests and crops cultivated by humans, and the roots 
within the land sub-system. 
 
The spatial variation and interactions of the sub-systems are the focus 
of these initial notes. Relative to Earth's climate system, however, 
temporal variations both within and between sub-systems are also 
important. In this respect, the sub-systems identified above might be 
additionally divided relative to the Northern and Southern 
hemispheres of the planet, as well as by the local time-of-day and 
yearly seasonal variation. The Northern and Southern hemispheres 
experience the yearly seasonal variations at different times during the 
year. Additionally, the daily variations at a fixed location are among 
the largest temporal variations experienced by Earth's climate 
system. 
 
The effects of the temporal variations will not be considered in detail 
in these notes. It is noted, however, that the significant temporal 
variations within Earth's climate system, over a wide range of both 



micro- and macro-scopic time scales, are potentially equally 
important as the spatial variations that are considered here. All 
aspects of everything that comprises Earth’s climate system and all 
that occurs within and between sub-systems are time dependent at 
both the micro- and macro-scopic levels. 
 
Let's consider that the total volume occupied by Earth's climate 
system can be divided into the portions occupied by the sub-systems. 
The outer boundary of the total volume is at the Top of the 
Atmosphere (ToA). The inner, or lower, boundary can vary with the 
sub-system under consideration, and the physical phenomena and 
processes of interest. The deep oceans, for example, might be divided 
into: (1) the upper regions within which there are significant 
variations that interact with the mass and energy balances of the 
planet, and (2) the very deepest regions that might be taken to 
represent a more-or-less passive sink of energy. The portions of the 
total volume filled with the solid phases of water might consider that 
all the solid-water mass and some part of the material on which it 
rests should be included in the sub-system volume: the effects of the 
state of the water on which sea-ice floats, for example. Other 
examples are available for other sub-systems. 
 
Generally, the deep details of all the sub-systems will not be 
necessary for these initial, top-down, look into the systems. 
 
The primary objective of this initial investigation is to attempt to get a 
handle on how variations within and between the sub-systems affect 
Earth's overall energy budget. While we might eventually look into 
the thermal, kinetic, and potential energy budgets within a sub-
system, the primary focus is on energy exchanges between the sub-
systems and the effects of these exchanges on the ToA energy budget. 
The equations that govern fluid motions and thermodynamic 
processes are the primary tools of the work. Other aspects will be 
introduced as necessary. 

Earth’s Climate System 

The local-instantaneous state of Earth’s climate, Ŝcli , is a functional of 
the state of the sub-systems that make up Earth’s climate system 
 



 

Ŝcli x,t( ) = ℑ(Ŝatm x,t;i( ), Ŝwv x,t;i( ), Ŝnc x,t;i( ), Ŝae x,t;i( ),
      Ŝoc x,t;i( ), Ŝ fl x,t;i( ), Ŝld x,t;i( ), Ŝic x,t;i( ))

  (1.1) 

 
where the notation x, t;i( )  indicates that the local-instantaneous, i.e. 
x, t( ) , state of a sub-system is itself a function of a multitude of 

physical phenomena and processes, and these in turn are frequently 
functions of the state of other, adjacent, sub-systems. The sub-
systems on the right-hand side of Eq. (1.1), indicated by the subscript 
nemonea, are associated with the list (1) through (13) above as 
follows: 
 
atm = atmosphere and all its contents
wv   = water vapor in the atmosphere
nc    = non-condensing gases in the atmosphere
ae    = solid particulates in the atmosphere
oc    = the oceans and other large bodies of liquid water
fl      = flora
ld      = land
ic     = the solid phases of water on land and water

  (1.2) 

 
Other sub-systems can be added into Eq. (1.2) as necessary: e.g. other 
radiative-energy-transport-interactive constitutes of the atmosphere, 
for example. Some think the intrinsic time-varying properties and 
characteristics of the Sun should be included. The effects of human 
activities are known to modify from their natural courses the 
phenomena and processes of some sub-systems. Any additional sub-
systems that are important can be directly added into the analysis 
approach used in these notes. 
 
The phenomena and processes of interest represented by  i( ) include 
all the thermodynamic, hydrodynamic, structural, chemical, and 
biological processes that affect the balances and exchanges of mass, 
momentum, and energy within and between domains. All the sub-
systems listed in Eq. (1.1) operate over very wide ranges of both 



micro- and macro-scopic time scales. The microscopic phenomena 
and processes generally vary over short time scales; changes in wind 
speed, for example, operate locally and change the exchanges of 
mass, momentum, and energy instantaneously. On a local 
instantaneous basis, microscopic changes cause macroscopic changes 
over time scales associated with the subject physical phenomena and 
processes. 
 
General Climate (Circulation) Models (GCMs), and Earth Systems 
Models (ESMs) are built on mathematical representations of the sub-
systems listed in Eq. (1.1) to various degrees of fidelity relative to the 
corresponding physical domains and associated fundamental 
equations. The overall general problem is set as an Initial Value 
Boundary Value Problem (IVBVP), also referenced as an Initial-
Boundary Value Problem (IBVP).  
 
Equation (1.1) can be generalized as follows. Let the state of the sub-
systems, the atmosphere for example, be represented by a time-
average, mean, value plus a local-instantaneous time-variation value 
 

 Ŝatm x,t;i( ) = Satm c( ) + ′Satm x,t;i( )  (1.3) 
 
Then, Eq. (1.1) becomes 
 
Ŝcli x, t( ) = ℑ[ Satm x, t;i( )+ ′Satm x, t;i( ),  Soc x, t;i( )+ ′Soc x, t;i( ),

       Swv x, t;i( )+ ′Swv x, t;i( ),    Snc x, t;i( )+ ′Snc x, t;i( ),
       Sae x, t;i( )+ ′Sae x, t;i( ),     S fl x, t;i( )+ ′S fl x, t;i( ),
       Sld x, t;i( )+ ′Sld x, t;i( ),      Sic x, t;i( )+ ′Sic x, t;i( )  ]

  (1.4) 

 
The time-variation contributions can be associated with microscopic 
phenomena and processes for the respective sub-systems. The same 
decomposition can be applied to the physical phenomena and 
processes represented by the  i( )  nomenclature; maybe we can write 

 i + ′i( ) to represent that.  This generalization will ultimately, 
eventually after much math, lead to averages of products like 
 



 ′Sa x,t;i( ) ′Sb x,t;i( )    (1.5) 
 
for coupling between sub-systems a and b, and 
 

 ′fa x,t;i( ) ′ga x,t;i( )    (1.6) 
 
for individual phenomena and processes within a sub-system. The 
closure problem introduced by this approach is a wicked problem 
indeed. 
 
Coupling between Earth’s climate sub-systems is widespread. The 
state of the atmosphere,  Ŝatm x, t;i( ) , for example, is coupled to all 
other sub-systems in Eq. (1.4). Accounting for variations within a 
sub-system like Eq. (1.6) is familiar from molecular gas dynamics and 
time-averaging of the Navier-Stokes equations for modeling 
turbulent fluid flows. The closure problem encountered in those 
disciplines, moments of the Boltzmann equation and time-averaging 
the Navier-Stokes-Fourier equations, respectively, are open areas for 
research. 
 
While it might be possible to remove a mean state from, for example, 
the temperature of the atmosphere, the time-variations will always be 
present. And the micro-scale time variations ultimately affect the 
macro-scale. 
 
While this generalization is appealing, the difficulties introduced are 
far beyond the scope of these notes. The local-instantaneous form 
neglecting the variation from the mean will be used 
 

 

Scli x,t( ) = ℑ(Satm x,t;i( ),Swv x,t;i( ),Snc x,t;i( ),Sae x,t;i( ),
      Soc x,t;i( ),S fl x,t;i( ),Sld x,t;i( ),Sic x,t;i( ))

  (1.7) 

 
The states of the sub-systems on the right-hand side of Eq. (1.7)	  are 
functions of position within the physical domain and time. The 
radiative-energy-transport state of the atmosphere, for example, is a 
function of the radiative-energy state of all the sub-systems that 



interface with the atmosphere, in addition to the contents, and the 
state of the constitutes, of the atmosphere. 
 
Equation (1.7) could be applied to the various regions that are of 
interest in the physical domain: The Northern and Southern 
hemispheres, for example, or to sub-regions within the hemispheres, 
or to the daily or seasonal cycles.  
 
The change in the climate as a function of changes in the sub-systems 
is 
 
∂
∂t
Scli x,t( ) = ∂ℑ

∂Satm
∂Satm
∂t

+ ∂ℑ
∂Swv

∂Swv
∂t

+ ∂ℑ
∂Snc

∂Snc
∂t

+ ∂ℑ
∂Sae

∂Sae
∂t

+ ∂ℑ
∂Soc

∂Soc
∂t

+ ∂ℑ
∂S fl

∂S fl
∂t

+ ∂ℑ
∂Sld

∂Sld
∂t

+ ∂ℑ
∂Sic

∂Sic
∂t

  (1.8) 

 
The time derivatives of the sub-systems can be additionally broken 
down to consider the various physical phenomena and processes, 
indicated by  t;i( ) in the general notation, that are fundamental to the 
individual sub-systems. 
 
For the climate to be constant in time, either: (1) the climate is not a 
function of the sub-systems listed in Eq. (1.7), or (2) none of the sub-
systems is changing in time.  
 
Equation (1.8) can be written 
 
∂
∂t
Scli x,t( ) = ∂ℑ

∂Sa

∂Sa
∂ta

∑   (1.9) 

 
where a represents the sub-systems. Climate Science wants to say that 
at some un-defined future time, and averaged over an un-defined 
long time period, the climate will attain a state such that Climate,Scli , 
is not changing, i.e.  



 

∂ℑ

∂Sa

∂Sa
∂ta

∑ = 0         (1.10) 

 
where the angle-brackets signify spatial average over the entire Earth, 
and the over-bar means average over a longish time period.  

IPCC and Carbon Dioxide 
Sometimes it seems that the Intergovernmental Panel on Climate 
Change (IPCC) desires that the public face of Climate Change, and 
Eq. (1.7), be reduced to  
 

Scli t( ) = ℑ Satm t;CO2( )( )        (1.11) 
 
That is, the global average Climate is a function solely of the 
concentration of carbon dioxide in the atmosphere. Further and 
equally important, that the functional relationship reduces to 
interactions of radiative energy transport with carbon dioxide 
 
Satm t;CO2( ) =Qr t;CO2( )         (1.12) 
 
That is, the global average state of the atmosphere, Satm , is critically 
dependent solely on the effects of the concentration of carbon dioxide 
on radiative energy transport. 
 
Behind the public face, the IPCC does include other sub-systems 
listed in Eq. (1.7) but, again, the sole focus is on the radiative-energy-
transport effects of the sub-systems	  and, again, the global average 
climate is the subject.	  
 
The public face of the IPCC completely ignores the dependency of the 
state of the climate on the location in the physical domain. There are 
many different climates on Earth, as noted following Eq. (1.7), and 
humans successfully occupy practically all of them. In fact, the 
location, i.e. basically the latitude and altitude, of the place of interest 
is the first-order determinant of the local climate. There are, of course, 



local topologic and presence of sub-systems effects on local climate. 
Rain shadows due to mountain ranges, and nearby significant bodies 
of liquid and solid phases of water or lack of water, are some 
examples. The relationship of local climate to any kind of global 
average climate has not yet been made clear. 
 
Climate science seems to have an interest in reducing the exceedingly 
complex nature of the physical domain as roughly represented by 
Eqs. (1.7) through (1.9)  to a single response functional: The average 
temperature in the atmosphere at a fixed location above the surface, 
Tatm, over the entirety of Earth’s climate functional,  
 

ℜ(t per ) = Tatm Ŝcli x,t( )( )    (1.13) 

 
where the time period for the average, t per , is generally one year. 
Note that Eq. (1.13) has been written in terms of  Eq. (1.4), as it must 
be in order to capture all the variations with time that are present in 
Earth’s climate system. The averaging is usually carried out in that 
order: temporal followed by spatial. The spatial average annihilates 
the spatial dependency, temporal averaging over a year annihilates 
variations within the year, and again the averaging could be applied 
to regions of the climate system.  
 
[ I wonder, does 
 

Tatm Ŝcli x,t( )( ) = Tatm Ŝcli x,t( )( )   (1.14) 

 
I’ll have to think about this some more. ] 
 
Given Eqs. (1.11) and (1.12), the public face of the IPCC reduces 
Eq. (1.13) to 
 

ℜ(t per ) = Qr t;CO2( )    (1.15) 

 



At the present time, several averages make up the metric. For each 
location at which the temperature in the atmosphere is calculated, the 
first average is determined by Tmin + Tmax( ) / 2 for each day. These are 
then again averaged over every day in a year, usually broken down 
by months. Then these temporal averages of averages are spatially 
averaged over the entire planet: big averaging defined. 
 
GCMs calculate the global average surface temperature by the same 
methodology using the temperature values produced by the GCMs. 
Several GCM models with a variety of initial conditions and values of 
sub-grid parameters generate a multitude of such average 
temperatures. All the averages generated by all the runs of the 
ensemble of opportunity are again averaged together to get some 
kind of meta-metric that is compared with measured data that has 
been reduced in the same manner. The entire averaging process 
makes for some industrial-strength averaging. 
 
The potential for the value of the metric to be reduced by the 
averaging to a value that is not representative of the signal you’re 
looking for seems to be significant. The initial average quantity, 
Tmin + Tmax( ) / 2 , is not related to any of the thermodynamic processes 

that are occurring in Earth’s climate system. [ But, as I have said in 
the past, Evidence of existence of potential is not evidence of 
existence of outcome. ]  
 
Generally at the present time, the model equations in the continuous-
equation domain that form the basis of GCMs are far from 
fundamental, the discrete approximations are applied on an 
extremely coarse representation of Earth’s climate system, and the  
multitude of sub-grid parameterizations carry the strength of the 
fidelity of the model results with measured data. Additionally, 
relative to Validation of the mathematical models, an average that is 
a functional of all aspects of the modeling is a very poor response-
function metric. In this particular case, the response metric is literally 
a global average functional. 



a prior Assume Qr ,out =Qr ,in  

We almost always see the argument that at some undefined future 
time Eq. (1.13) when applied over two successive, longer, time 
periods, lper, will show that 
 

ℜ2(tlper ) = ℜ1(tlper )    (1.16) 
 
where the successive longer time period might be 30 years each, but 
I’m not sure. The average of the yearly-average temperature over the, 
say, 60 years will be more-or-less constant. 
 
Equation (1.16) is usually based on the argument that at the 
undefined future time, the incoming and outgoing radiative energy 
transport at the Top of the Atmosphere, ToA, when averaged over 
the entire Earth and a longish time period, lper, will be in balance; 
that is, 
 

Qr
out

ToA
= Qr

in
ToA

    (1.17) 

 
Conservation of energy is usually invoked as a part of the argument, 
but that is not necessary because energy is always conserved 
everywhere and at all times. 
 
In essence, a balance of in-coming and out-going radiative energy at 
the ToA at future time is a prior asserted and then claimed to be a 
result of energy conservation. That is actually backward. It should be 
firstly determined that the physical phenomena and processes 
occurring within the physical domain allow reduction of the problem 
to such a simple statement. 
 
Based on this exceedingly simplified approach it is argued that 
because carbon dioxide interacts with radiative energy transport, as 
more carbon dioxide is added into the atmosphere the response 
function of Eq. (1.13) will increase as a function of time. The proviso 
that “all else remains constant at the initial states” is usually also 
required. That’s kind of strange in that the argument is being made 
within the framework of Climate Change. The focus on carbon 



dioxide concentration in the atmosphere frequently completely 
overwhelms discussions of the almost uncountable other important 
aspects in the physical, mathematical, and software domains. 
 
Additionally, relative to mathematical modeling and calculation of 
Earth’s response function, Eq. (1.13),	  the problem is characterized as a 
Boundary Value Problem (BVP). However, the outgoing radiative 
energy transport at ToA, the left-hand side of Eq. (1.17), cannot be 
specified as a part of a BVP. That energy is a function of the state of 
all the sub-systems that make up Earth’s climate system, Eq. (1.7), 
and the interactions between the sub-systems. Not to mention that 
the concentration of carbon dioxide in the atmosphere is only a single 
one of the many entries represented by  ;i( )  in Eq. (1.7) and that all of 
those entries affect radiative energy transport to lesser and greater 
degrees. 
 
The argument briefly summarized above is somewhat backwards in 
the sense that it seems necessary to first identify:  
 
(1) all the physical phenomena and processes occurring within and 
between sub-systems in the physical domain that affect the state of 
the climate systems, 
 
(2) the sub-set of (1) that significantly affect the radiative energy 
balance of Earth’s climate systems, and then 
 
(3) quantify the effects (2), and 
 
(4) determine if the results of (3) are such that the response function 
of interest is not readily available due to variations in the 
significantly critical phenomena and processes. 
 
If you’re lucky, the critical controlling phenomena and processes are; 
(1) well understood in the physical domain, (2) well characterized 
with mathematical equations, and (3) the equations lead to a fast and 
accurate tractable calculational problem that is easily incorporated 
into computer software. 
 
If these do not occur, you are doubly lucky if a somewhat 
inexpensive experimental project can be devised that will provide the 
definitive description of the phenomena and processes. 



 
At least two critically important phenomena and processes in Earth’s 
climate system, clouds and radiative interactions with constitutes of 
the atmosphere, do not meet any of the lucky criteria. 
 
The results of this procedure should lead to acceptance or rejection of 
Eqs. (1.16) and (1.17). Acceptance might involve modifications of 
these equations that reflect the degree of uncertainly introduced by 
natural variations in Earth’s radiative energy budget. Equation (1.16) 
for example might be restated 
 

ℜ2(tlper ) = ℜ1(tlper )±ℜ1(tlper )
'
   (1.18) 

 

where ℜ1(tlper )
'
represents the expected variation in the response 

functional. 
 
 Just to complete the iterative circle when it comes to models, 
methods, and software, the following is mentioned. It also needs to 
be determined that the mathematical representations of the 
significant phenomena and processes exhibit sufficient fidelity 
relative to the physical domain. And prior to that it needs to be 
determined that (1) the mathematical models and methods are 
correctly coded, and (2) the numerical solution methods provide for 
correct solutions to the continuous model equations. 
 
While Eq. (1.17) is cited an almost un-countable number of times, 
everyone knows that there are a multitude of physical phenomena 
and processes in Earth’s climate system and that these vary on a very 
wide range of time scales. The constant repeating of Eq. (1.17) seems 
to be yet another over-simplification employed by Climate Scientists 
in attempts to imply that understanding, mathematical modeling, 
and calculation of Earth’s climate system are exceedingly 
straightforward. 
 
Equation (1.17) is in the same line as the one about the mathematical 
models are based on the fundamental Laws of Physics. This latter is 
repeated often even while no aspects of clouds, a critically important 
aspect of Earth’s climate system, especially for radiative energy 
transport, are based on fundamental laws of physics. The fact that 



many other important aspects are based on somewhat less than the 
Laws of Physics, the multitude of parameterizations, and that these 
are critically important relative to attaining a basic degree of fidelity 
with the physical domain, is also frequently over-looked. Evidence 
that parameterizations are important relative to fidelity is given by 
the fact that cetain of these are used in tuning of the output from the 
calculations. 
 
Equation (1.17) is also in stark contrast to the facts that; (1) hundreds 
of people are busy developing and applying mathematical models of 
the climate system, (2) billions of currencies have been, and continue 
to be, expended on models, methods, and software, (3) constant 
striving to attain higher spatial and temporal resolution models and 
methods are important objectives, and (4) hundreds of millions are 
expended on very special and dedicated computer systems for 
calculations with new and improved models and methods. 
 
Apparently, Eq. (1.17) might be more nearly accurately stated as 
 

ΔQ( )ToA = Qr
out

ToA
− Qr

in
ToA

≈ 0 ± ΔQ( )ToA
'   

where ΔQ( )′ToA  represents variation around an approximate state of 
balance. 
 
So, instead of starting out with Eq. (1.17) let’s take a look at what is 
required to arrive at that state of the system using a rough 
representation of the climate system. 

An Idealized Climate System 
A rough representation of the system of interest is shown nearby in 
Figure 1. As shown there the system is composed of the atmosphere 
with all its contents with an interface, Sab, between the atmosphere 
and some sub-systems, and three regions, one labeled hot and two 
labeled cold. The former represents the equatorial regions of earth 
and the latter represent the polar regions at the Arctic and Antarctic. 
Global-scale circulations in the atmosphere and oceans transport 
energy from the hot region into the cold regions and from there 
energy is rejected into space by radiative energy transport. The 
atmosphere boundary at the top is labeled ToA. There is practically 



no matter up there, and the continuum assumption on which the 
usual fundamental equations are based might not hold, but that’s not 
a problem for us. The bottom of the system will vary as the depth 
into which interactions between the atmosphere and sub-systems is a 
function of what the sub-system is and the phenomena of interest. 
 
Within all three regions, all the sub-systems listed in (1) through (13) 
above in the Background section might be present, or only those that 
are appropriate for each respective region. 
 

 
Figure 1. Idealized climate system. 

Energy Balance 

There are various forms of the energy balance equation that are 
useful for different applications. We will start with an equation for 
the sum of specific internal energy plus kinetic energy plus potential 
energy, E = u + Ke + Φ , which reads 
 



 

∂
∂t

ρE +∇ i ρEhV = −∇ i qc − ∇ i qr − ∇ i T iV[ ]( )   (1.19) 

 
The terms on the right-hand side are: 
rate of thermal energy input by conduction; 
rate of thermal energy input by thermal radiation; 
rate of work by viscous stresses on the fluid. 
 
The pressure-volume work terms have been included into the second 
term on the left-hand side to form the transport of enthalpy, a usual 
approach for flowing systems, and Eh = h + Ke + Φwhere 
h = u + p / ρ . All the terms on the right-hand side of Eq. (1.19) are 
written as gradients and using a Gauss theorem1* relating volume 
integrals to surface integrals these can be converted to surface 
integrals at the boundaries surrounding the material.  
 
While the second term on the right-hand side of Eq. (1.19) is written 
in the usual manner in terms of conduction within the material the 
term when evaluated at the boundaries accounts for conduction, and 
convection of both sensible and latent energy. In the parts of the sub-
system in which fluid motions are important the sensible and latent 
energy contributions are generally much greater that conduction 
contribution. In some sub-systems, those composed of solid 
materials, however, conduction might be the only means for energy 
transport. 
 
The second term on the left-hand side will be used to represent 
transport of the energy contents of the atmosphere and oceans from 
regions of higher thermal energy to regions of lower thermal energy. 
That is, across the two vertical blue lines shown in Figure 1. 
 
The portions of the boundary Sab between the atmosphere and the 
sub-systems are as follows: 
 

                                         
1* Marlow Anderson (2009), Who Gave You the Epsilon? & Other 
Tales of Mathematical History, The Mathematical Association of 
America, Washington DC. 



Aawv   =  area between the atmosphere and vapor

Aaae   =  area between the atmosphere and aerosols

Aaoc   =  area between the atmosphere and oceans

Aald    =  area between the atmosphere and land

Aafl   =  area between the atmosphere and flora

Aaic   =  area between the atmosphere and solid water

  

 
 Combining the three regions of the atmosphere in Figure 1 and 
applying Eq. (1.19) to the entire atmosphere [ omitting some math ] 
gives 
∂

∂t
ρEatmVatm = QrToA

+ Qr +Qs +Ql[ ]sur ,awv  + Qr +Qs +Ql[ ]sur,aae
+ Qr +Qs +Ql[ ]sur,aoc + Qr +Qs +Ql[ ]sur,ald  

+ Qr +Qs +Ql[ ]sur,afl  + Qr +Qs +Ql[ ]sur,aic

  (1.20) 

 
where the first term on the right-hand side is the radiative energy 
input at the ToA, and the remaining right side terms are the net 
energy exchanges between the atmosphere and the surface of the:  
 
(1) water vapor and the liquid and solid water in the atmosphere 
(2) solid particulate matter in the atmosphere 
(3) ocean, 
(4) land, 
(5) flora, and 
(6) solid phase of water, snow and ice, on land and liquid water. 
 
Sensible and latent energy exchanges are represented by Qs  and Ql , 
respectively.  
 
The liquid and solid phases of water in the atmosphere, item (1) the 
second term on the right-hand side, represents condensation of water 
vapor, where the subscript awv means the condensed forms of the 



vapor. The water vapor itself is generally volumetrically distributed 
in the atmosphere and the vapor plus air forms a homogeneous 
mixture. 
 
The sensible and latent energy exchange contributions have been left 
associated with the solid aerosols, the third term on the right-hand 
side, because these can also act as nucleation centers for condensation 
and freezing of water vapor: an example of coupling between 
subsystems in the physical domain as noted following Eqs. (1.5) and 
(1.6). 
 
The land and flora sub-systems are coupled in that the latter is 
generally found on the former, while some flora are also found in 
bodies of liquid water. Human activities also directly affect the state 
of the land through cultivation of crops and modifications of forests. 
The solid phase of water, item (6) could be additionally broken down 
into that which is on land and that which is floating on the oceans. 
Another example of coupling of sub-systems in the physical domain. 
 
In general, any boundary can be refined down to the least important 
portion of interest. The work on the fluid due to motions at the 
boundary (e.g. ocean and flora) has been omitted. 
 
All the terms on the right-hand side of Eq. (1.20) are functions of 
time, although the incoming shortwave radiation is frequently 
assumed to be more or less constant. The equation can be written in 
shorthand as follows 
 

 

∂
∂t

ρEatmVatm = QrToA t( )

+ Qr t;i( ) +Qs t;i( ) +Ql t;i( )[ ]sur,subsys
subsys
∑

  (1.21) 

 
In general, the radiative energy transport at any of the interfaces can 
be written 
 
Qrsur = S↓ − S↑ + L↓ − L↑[ ]sur    (1.22) 
 



where the vertical arrows indicate downward and upward radiative 
energy exchange, and S represents short wavelength and L long 
wavelength. More nearly completely, Eq. (1.22) is 
 
Qrsur = S↓ Scli x,t( )( )− S↑ Scli x,t( )( )

+L↓ Scli x,t( )( )− L↑ Scli x,t( )( )
  (1.23) 

 
More nearly completely, considering both macroscopic mean plus 
microscopic deviations  
 

Qrsur = S↓ Ŝcli x,t( )( )− S↑ Ŝcli x,t( )( )
+L↓ Ŝcli x,t( )( )− L↑ Ŝcli x,t( )( )

  (1.24) 

 
That is, the indicated radiative energy transport is a function of the 
state of all the sub-systems that make up Earth’s climate system as 
represented by Eq. (1.4). Putting Eq. (1.24) into Eq. (1.20) for  Qr t; i( )  
would make for a long equation and is left implicit.  
  
On the local-instantaneous basis, exchanges between sub-systems at 
the interface are represented at the microscopic level (fast processes), 
and are generally represented by gradients of driving potential and a 
transport property of the material, on both sides of the interface. 
These gradients are generally not resolved and instead are replaced 
by approximations including empirically-based correlations from 
experimental data representative of the state of the materials 
involved. Sensible energy exchange is generally represented by a heat 
transfer coefficient, hc , and a driving potential 
 
Qs = hcAsur Tsur −Tatm( )    (1.25) 
 
and latent energy exchange is represented by 
 

 Ql = !msah
*    (1.26) 



where  !msa is the mass exchange and h*  is the enthalpy transported 
by the mass. The microscopic heat transfer and mass transfer 
coefficients are functions of the local-instantaneous hydrodynamic 
and thermodynamic states of the fluids and the geometry of the 
interface. 
 
Equations (1.20) and (1.21) indicate that in order for the total energy 
content of the atmosphere to remain constant 
 
QrToA t( ) + Qr t( ) +Qs t( ) +Ql t( )[ ]sur ,subsys

subsys
∑ = 0   (1.27) 

 
That is, the incoming shortwave radiative energy transport at ToA 
must be in balance with the sum of the energy exchanges between the 
atmosphere and all the sub-systems with which it is in contact. 
Calculation of all the parts of Qr , Eq. (1.23), for each of the interfaces 
is a monumental undertaking, especially given the interacting–media 
nature of the contents of the atmosphere. Note that there is but a 
single boundary value that can be specified.  
 
It is important to note that all of the entries in Eq. (1.27) are functions 
of the state of the climate system, as summarized in Eq. (1.4), 
evaluated at the respective interfacial surfaces. And, again, the 
radiative energy exchange of Eq. (1.23) can be substituted into 
Eq. (1.27). 
 
Climate Science, as previously noted, postulates that at some 
undefined future time, an average over the entire planet and a time 
average of Eq. (1.27) over a long but undefined time period will be 
satisfied. That is, 
 

QrToA tlper( ) + Qr tlper( ) + Qs tlper( ) + Ql tlper( )[ ]
sur ,subsys

subsys

∑ = 0   (1.28) 

 
 
A more nearly complete description of the requirement for Earth’s 
climate system to attain a constant energy value is obtained as 



follows. If Eq. (1.19) is applied to each of the three regions in Figure 1, 
we get 
 

 

∂

∂t
ρEatmVatm

⎛
⎝

⎞
⎠
hot

= − Watmh( )h,arc − Watmh( )h,ant + QrToA( )hot

+ Qr t; i( ) +Qs t; i( ) +Ql t; i( )[ ]sur ,subsys{ }
hot

subsys
∑

  (1.29) 

 
for the hot region, 
 

 

∂

∂t
ρEatmVatm

⎛
⎝

⎞
⎠
arc

= Watmh( )h,arc + QrToA( )arc

+ Qr t; i( ) +Qs t; i( ) +Ql t; i( )[ ]sur ,subsys{ }
arc

subsys
∑

  (1.30) 

 
for the Arctic region, and 
 

 

∂

∂t
ρEatmVatm

⎛
⎝

⎞
⎠
ant

= Watmh( )h,ant + QrToA( )ant

+ Qr t; i( ) +Qs t; i( ) +Ql t; i( )[ ]sur ,subsys{ }
ant

subsys
∑

  (1.31) 

 
for the Antarctic region. The summation symbol is a shorthand 
representation for all sub-systems that are present in each of the three 
regions. As indicated, everything on the right-hand sides of these 
equations are functions of time. 
 
Summing Eqs. (1.29), (1.30), and (1.31) and comparison with 
Eq. (1.20) shows the correspondence between the entire atmosphere 
and the sub-regions of this idealized example.  
 



 

∂

∂t
ρEatmVatm = QrToA( )hot + QrToA( )arc + QrToA( )ant

+ Qr t; i( ) +Qs t; i( ) +Ql t; i( )[ ]sur,subsys{ }
hot

subsys
∑

+ Qr t; i( ) +Qs t; i( ) +Ql t; i( )[ ]sur,subsys{ }
arc

subsys
∑

+ Qr t; i( ) +Qs t; i( ) +Ql t; i( )[ ]sur,subsys{ }
ant

subsys
∑

  (1.32) 

 
The right-hand side of Eq. (1.32) is a representation of the state of the 
atmosphere corresponding to Eq. (1.7). Clearly the state of the 
atmosphere is a function of the state of the sub-systems adjacent to 
the atmosphere. Everything on the right-hand side of Eq. (1.32) is a 
function of time. 
 
The requirement of Eq. (1.27) that the total energy content does not 
change is a bit more complicated  

 

QrToA( )hot + QrToA( )arc + QrToA( )ant
+ Qr t; i( ) +Qs t; i( ) +Ql t; i( )[ ]sur ,subsys{ }

hot
subsys
∑

+ Qr t; i( ) +Qs t; i( ) +Ql t; i( )[ ]sur ,subsys{ }
arc

subsys
∑

+ Qr t; i( ) +Qs t; i( ) +Ql t; i( )[ ]sur ,subsys{ }
ant

subsys
∑ = 0

   (1.33) 

 
The comments following Eq. (1.27) apply here, also. Generally, the 
radiative exchange in the Artic and Antarctic are a net loss of energy 
into space. The values, and the location at which they are applied, are 
easily identified. 
 



Equation (1.33) sets the requirement that the total energy content of 
the atmosphere remains constant. More nearly completely, as shown 
in Eq. (1.28), the spatial average over the entire planet with the 
temporal average over a reference period sets the requirement that 
Earth’s climate systems approach balance.  
 
Any and all of the energy transport processes in Eq. (1.33) can act to 
either increase and/or decrease the energy content of the climate 
system. The only more or less fixed and known value is the 
shortwave radiative energy output of the Sun.  
 
The applications outlined above can be carried out for any and all 
sub-systems. For applications to all the oceans, the primary interfaces 
include: 
 
Aocatm   =  area between the oceans and atmosphere

Aocwv   =  area between the oceans and water vapor

Aocic   =  area between the oceans and solid water

  

 
Generally, the oceans interface only a limited number of the sub-
systems. 
 
Applying Eq. (1.19) to oceans and the hot region of Figure 1 gives 
 
∂

∂t
ρEocVoc( )

hot

= − Woch( )
h,arc

− Woch( )
h,ant

+ Qr +Qs +Ql[ ]ocatm,hot + Qr +Qs +Ql[ ]ocwv,hot
+ Qr +Qs +Ql[ ]ocic,hot − Qs[ ]oc,bot

hot + Winhin( )
oc,hot

 (1.34) 

 
with like results for the cold sub-systems. The fifth term on the right-
hand side is very likely zero in the hot regions. For the part of the 
solid water that is under water in the cold regions, the radiative 
contribution in the fifth term is zero. The last term on the right side 
represents the inflows of liquid water into the oceans. The time 
dependency has not been indicated, but everything on the right-hand 



side of Eq. (1.34) is a function of time at both the micro- and macro-
scopic 
 
Applying Eq. (1.19) to the two cold regions and summing those 
results with Eq. (1.34) will lead to equations corresponding to 
Eqs. (1.32) and (1.33). 
 
The methodology can also be applied to individual constitutes of the 
climate system and to other fundamental equations: mass 
conservation for non-condensable gases and the vapor phase of 
water, for example. These analyses will reveal additional 
requirements for balance within Earth’s climate systems. 

Viscous Dissipation 
The analysis method can be applied to other formulations of energy 
conservation equations. The local-instantaneous kinetic energy 
equation can be summarized as 
 

 

∂
∂t

1
2
ρv2⎛

⎝⎜
⎞
⎠⎟ +∇ i

1
2
ρv2V =W − D   (1.35) 

 
where W includes the work done by pressure, viscous, and body 
forces, and the reversible conversion of kinetic energy to thermal 
energy, and D is viscous dissipation. The viscous dissipation is 
positive definite irreversible conversion of kinetic energy to thermal 
energy and so always acts to consume kinetic energy.  
 
Likewise, the equation for specific internal energy can be 
summarized as 
 

 

∂
∂t

ρu +∇ i ρuV = −∇ i qc − ∇ i qr − P ∇ iV( ) + D   (1.36) 

 
where the next-to-last term on the right-hand side is the reversible 
conversion of work to thermal energy. The last term is again the 
viscous dissipation and as shown it acts to always increase the energy 
content. 
 



These notes have focused on energy conservation. Similar analyses 
can be applied to individual constituents of Earth’s climate system 
such as trace gaseous constituents like carbon dioxide, water vapor, 
and aerosols. The analysis approach can be expanded to include 
mass, momentum, and conservation equations. Maybe at some later 
time. 

Discussion and Conclusions 
The concept that radiative energy transport at the Top of the 
Atmosphere will eventually obtain balance needs deeper study 
(especially the part about carbon dioxide being the sole aspect of 
importance). The results obtained herein clearly show that modeling 
and calculation of future states of Earth's climate system is not a 
Boundary Value Problem. It is impossible for the problem to be set as 
a BVP because the physical domain does not allow that. The out-
going radiative energy at the ToA is determined by the states of the 
sub-systems within Earth's climate system. Outgoing energy cannot 
ever be specified as a boundary condition. The very act itself 
represents a disregard for the fundamental principle of consefrvation 
of energy. 
 
Actually, the concept an equilibrium radiative-energy transport state 
for Earth's climate systems is a little fuzzy, and is simply postulated 
to be attainable at some future time. The future time at which this 
state will be present is not well defined. Additionally, the time period 
over which the response metric should be measured in order to verify 
the hypothesis is also not well defined. It's all kind of fuzzy. 
 
A response function and its associated metric that averages out all the 
physical phenomena and processes occurring within the physical 
domain is not a valid measure of the state of Earth's climate systems. 
It is also not useful for estimating the outcomes, both good and bad, 
at future time. 
 
Instead the energy transport and exchanges within the climate 
system should also enter into considerations. The results show that in 
order for a purely radiative balance to obtain, energy and mass 
exchanges at the interfaces between sub-systems must also reach 
balance. 
 



The developments discussed do not begin to address the nitty-gritty 
details of the multitude of physical phenomena and processes that 
enter into the interface exchanges. Unfortunately, the mathematical 
models and numerical solution methods for these details are 
potential sources for a lack of attaining balances. 
 
Our day-to-day experiences indicate that variations in almost all 
aspects of the climate system change at a very wide range of time 
scales. Radiative balance between in-coming and out-going energy is 
said to be instantaneous. However, the states of the climate's sub-
system, all of which affect radiative energy transport do not change 
at that rate. The potential for temporal variations in mass and energy 
budgets both in and between sub-systems is such that it is very likely 
that temporal variations are the expected state. So far as I am aware, 
there are no damping mechanisms that act to ensure states of exact 
balance in the natural processes occurring in Earth's climate system. 
 
It has been known for a very long time that the over-simplified, 
purely radiative energy balance could not be the complete picture. 
Otherwise the expenditure of billions of funding on models, 
methods, and software developments, not to mention 100s of millions 
on dedicated super-computing hardware, would not be necessary. 
Maybe these notes have made that awareness more explicit and 
concrete. 
 
Climate Science should re-consider using extremely over-simplified, 
bumper-sticker grade, summaries such as Laws of Physics, Exact 
Equality of Radiative Energy Transport, and Boundary Value 
Problem. These proclamations are not only over-simplified, they 
border on being purposeful mischaracterizations. 
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